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1. Introduction: Quantized Charge
R. A. Millikan (1911): Oil droplet experiment

charge is quantized in 
units of e

granularity of charge does not usuallygranularity of charge does not usually
show up in macroscopic quantities such 
as current and voltage.

Reason: charge flow is the continuous
movement of an electron fluid

A l i th h i f it C h

C
+Q-QAn example is the charging of a capacitor C, where 

the charge on the plate can take up any value, i.e. 
is not quantized!

+

+Q-Q

correct statement is                      is not quantizedQtQ )(
eQ but there are fluctuations around the average

U
+-



Tunnel Contact (Tunnel Capacitor)
in a tunnel junction charge flow is no longer 
continuous, since electrons are transferred 
one by one   we expect full shot noise

it is build from two metals with an oxide 
barrier (e.g. Al) or in an STM with abarrier (e.g. Al) or in an STM with a 
vacuum tunneling barrier

“ ld l ” t b ti lt f“golden rule” perturbation result from 
QM, i.e.

 GEEiHf   22  GEEiHf iftfi   


G is the free energy gain, Ht the tunneling “matrix element”, i,f the initial and final states, respectively

by integrating over initial and final states, one obtains:

sketch derivation on blackboard 1)( EG 
sketch derivation on blackboard

and draw curve (E), I(eV)
discuss role of environment

)/exp(1Re
)( 2 TkG

G
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Tunnel Contact (Tunnel Capacitor)
E=Q2/2CE Q /2C

let Q=CU be the charge

Q/e
+0.5 1-0.5-1

before an electron tunnels

  eU
C

e
C

Q
C
eQeQQE 




222
)(

222
change in energy (energy after tunneling event
minus energy before tunneling event )

process is only allowed if there is an 
energy gain, i.e. provided: CeU 2/

I

this is known as Coulomb blockade
U

+e/2C 1-e/2C-1

this is known as Coulomb blockade
requirement: kT

C
eEC 
2

2

this treatment is not fully correct 
(as we have neglected the environment)
and adopted a local picture! Exercice 1: estimate Ec for metallic spheres



Tunnel Capacitor with Environment
we consider a tunnel capacitor attached to a voltage 
source, but this time through an impedance

i iti l t t C i h d t Q CUinitial state: C is charged to Q=CU

1. step: an electron tunnels as shown on the left.
Note, this is not the final step!, p

2. step: there is a voltage difference over the 
i t th t t h ld flresistance, so that a current should flow.

 the voltage source is now pushing the electron 
back to the other side, doing the work eU in this 
processp ocess

if process 2 is too fast, there is no Coulomb blockade, since the final state has the same energy 
than the initial state, so that there is indeed no effective barrier to overcome,

from energy time uncertainty relation:
C

e
2

2





h CB occurs is EC>>kT and if R>>RQ
with =RC one obtains: 

22e
hRR Q 

CB occurs is EC kT and if R RQ
but precursor already visible even for 

small R values



Tunnel Capacitor with Environment
M.H. Devoret et al. Phys. Rev. Lett. 64, 1824 (1990) A.N. Cleland et al. Phys. Rev. Lett. 64, 1565 (1990)

relation to noise: it is the noise in the environment 
that “drives” the transition through 
the tunnel junction. Langevin
formalism. Limit kT large: 22

2
kT

C
Q


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The single electron box

charge-boxcharge-box

Gedankenexperiment:
1. we charge up capacitor left by connecting it to source U

shown on the left side. What is <Q2> in the classical limit?

2. next, we open the switch. Same question: what is <Q2> ?

left we have: 

CUQ 

right we have: 

constneQ 
~

TCkQ B2 0~2 Q



The single electron box
2

box reservoirgate

Cg CT RT we assume                         and Tk
C

e
B

2

2

Qt RR 

box reservoirgate

1. if Vg is increased from zero up, charge
ill b t f d t th i l d d

Vg

C RC

will be transferred to the island and n 
increases  in steps

2 there is electrostatic energy E(Q Q ) stored inCT RTCg

+Qg -QTn

2. there is electrostatic energy E(Qt,Qg) stored in 
the capacitors, but there is also work done by 
the voltage source Vg .

-Qg QT+ 3. The Gibbs free energy G(V,n) is the electro-
static  energy E(Qt,Qg) minus the work done 
by the voltage source Vg given by QgVg

Vg

instead of switch here a tunnel junction

result:

  2//),( 22
C VCeVCnEnVG instead of switch, here a tunnel junction

one can view like a “leaky” switch

  2//),( ggggCg VCeVCnEnVG

 2
2

2 tg
C CC

eE






The single electron box

electrostatics: gt QQQ 
g

g

g

t

t V
C
Q

C
Q



use last equations to express 
Qt and Qg as a function of 
Vg and Q

 
gt

gtg
g CC

QVCC
Q






 
gt

ggt
t CC

QVCC
Q






total electrostatic energy
g

g

t

t
g C

Q
C

QQVE
22

),(
22



   gtgt

ggt
g CC

Q
CC

VCC
QVE







22
),(

22

free energy G(Vg,Q) gggg VQQVEQVG  ),(),(
Exercice 2: calculate the free 
energy for this problem using 
another ansatz.

  2//),( 22
ggggCg VCeVCnEnVG 


eEC

2

and we assumed that Q=ne, i.e. that CB holds

note, the relevant single-electron charging energy has the two capacitors in parallel,  i.e. it 
is the capacitance seen from the island!

CC 2
and we assumed that Q ne, i.e. that CB holds



The single electron box
CT RTCg

+Qg -QT

free energy for the single electron box

  2//),( 22
ggggCg VCeVCnEnVG 

-Qg QT+

  2//),( ggggCg VCeVCnEnVG

Vg

eCV gg /

eCV gg /one can view this as a solid
state Millikan experiment, the
charge is quantized and controlled g q
by the gate voltage



The single electron box
P. Lafarge, thesis Université de Paris 1993



The single electron box
N t 365 422 (1993)Nature 365, 422 (1993)



The double-barrier tunneling junction
CQ CQ QQQ  we assume that R >>R so that

ss CQ , dd CQ ,
island

sd QQQ  we assume that Rt>>RQ so that 
charge Q on the island is discrete

express Qs and Qd in n and U:

neQ 
express Qs and Qd in n and U:











 d

ds
s C

neU
C
CCQ 










 d

ds
d C

neU
C
CCQ

the electrostatic energy is then given by
  2

222

2222
U

C
CC

C
ne

C
Q

C
QE ds

d

d

s

s





let us look what happens at instances, when an electron tunnels changing nn+1

for the first electron to tunneling there is a “on-site” charging energy of 



C
eEC 2

2

h b f if kT E t fl C l b bl k d CBhence, as before, if kT<<EC, no current can flow: Coulomb blockade = CB 

but if an electron tunnels, the source is doing some work on the system, leading to an effective 
free energy change G 

U
C
CeEG d

cl


  )0( free energy for adding an electron through the left (source) junction, 
considering the charge transition n=01

UCeEG s  )1( free energy for removing an electron through the right (drain) junction, U
C

eEG cr


 )1(
considering the charge transition 10.

Exercice 3: determine the “relaxation” charge Q that is moved through the 
source when an electron tunnels through either junction



The double-barrier tunneling junction
UCeEG d )0( free energy for adding an electron through the left (source) junction, i.e.U

C
eEG d

cl


 )0( gy g g ( ) j ,
considering the charge transition n=01

U
C
CeEG d

c
  )0( free energy for removing an electron through the right (drain) junction, 

considering the charge transition n=0-1C
considering the charge transition n 0 1

In  order for a current to 
flow, there is a threshold 

voltage Uth











d
th C

e
C
eUU

2
,

2
min

 ds CC 22

taken from Jürgen Weis, 
CFN Lectures on FunctionalCFN Lectures on Functional 

Nanostructures Vol. 1., 
Springer Lecture Notes in 

Physics Volume 658, 2005, 
pp 87-121 (2004)



The single-electron transistor

ss CQ ,1,1 ,

CQ

let us first assume that U=0. Then, C1 and C2 are in 
parallel and we are back to the SET box.

The effective barrier that is seen for an electron togg CQ , The effective barrier that is seen for an electron to 
tunnel onto the island 01 is:

gCCCC  21
g V

C
eEG  )0(

dd CQ ,2,2 ,
0)0(  G if

g
g C

eV
2



gCCCC  21gc V
C

eEG


 )0(

g V
C

eEG  )1(

Can one also tunnel out, i.e. what is the effective barrier for the transition 1 0 ?

0)1(  G if
eV gc V

C
eEG



 )1( 0)1( G if
g

g C
V

2


Hence, at exactly Vg=e/2Cg is it possible to tunnel in and out (transition 01). But this means 
that a current can flow or more precisely that the conductance is low at that gate voltage valuethat a current can flow, or more precisely that the conductance is low at that gate voltage value.

if one looks at different transitions, i.e. nn+1. one obtains the condition 





 

2
1n

C
eV

g
g

effect is known as Coulomb oscillations!
SET transistor is a periodic in the gate charge



The single-electron transistor

Jürgen Weis



The single-electron transistor

Coulomb blockade
oscillations

early results measured in a 
(disordered) semicond. wire

by A.A.M. Staring



The single-electron transistor

ss CQ ,1,1 ,

CQ

from wiki: note, the 
symmetric bias

gg CQ ,

dd CQ ,2,2 ,

li tigeneralization:
we denote by n1 (n2) the number of electrons that have tunneled 
over junction 1 (2). Then, n=n1-n2

      
eU

C
CnCCn

C
VCne

VUnnG ggg
g







 1221

2

21 2
),,,(

   



 



 UCCVCnee
C
enG ggg 21 2

)(

 
   UCVCeeG )(

free energy change for transition nn1 
induced by tunneling over junction 1

free energy change for transition nn1 




 UCVCne
C

nG gg 12 2
)( free energy change for transition nn1 

induced by tunneling over junction 2

Exercice 4: use above equation G(n1,n2) to check the final two results



The single-electron transistor
0)1(  G0)(  G

enUCVC gg 





 

2
1

1

transition n+1n over junction 20)1(2  nG

  enUCCVC ggg 





 

2
1

2

transition nn+1 over junction 10)(1   nG

0)1(2   nG slope
1C

Cg0)(1   nG

slope
CC

Cgp
2CCg 



The single-electron transistor
0)(  G 0)1(  G

  enUCCVC ggg 





 

2
1

2

transition nn+1 over junction 10)(1   nG

enUCVC gg 





 

2
1

1

transition n+1n over junction 20)1(2  nG

0)1(2   nG0)(1   nG

slope
CC

Cg

slope
1C

Cg

e

p
2CCg 

n n+1 n+2
C

e

CB CB CB CB



The single-electron transistor
0)(  G 0)1(  G

  enUCCVC ggg 





 

2
1

2

transition nn+1 over junction 10)(1   nG

enUCVC gg 





 

2
1

1

transition n+1n over junction 20)1(2  nG

0)1(2   nG0)(1   nG

slope
CC

Cg

slope
1C

Cg

11  nn

p
2CCg 

n

1 nn
nn 21

n+1 n+2



The single-electron transistor
0)(  G 0)1(  G

  enUCCVC ggg 





 

2
1

2

0)(1   nG

enUCVC gg 





 

2
1

1

transition n+1n over junction 20)1(2  nGtransition nn+1 over junction 1

0)(1   nG 0)1(2   nG

region 2

n n+1 n+2

11  nn
21 1  nn

region 2

nn 21

12 2  nn



The single-electron transistor

a carbon-nanotube quantum dot

Minkyung Jung et al. CS groupMinkyung Jung et al. CS group



Zero-bias anonamly

Phys. Rev. Lett. 17, p15 (1966)



Zero-bias anomaly



Fulton-Dolan



Fulton-Dolan



The single-electron transistor
J Appl Phys 65 339 (1989)J. Appl. Phys. 65, 339 (1989)

introduces, Coulomb blockade, Coulomb staircase, Coulomb oscillation
also examine shot-noise



SET in different kind of devices

fabricated by angle-dependent evaporation
through a shadow mask in close proximity
t i ll d ith Al Al O Altypically made with Al, Al2O3, Al



SET in metallic devices



SET in metallic devices



SET in semiconductors

defined in semiconductors by y
gates, mostly GaAs, but now 
also in Si/Ge....graphene, 
CNTs 

 next chapters on quantum 
dots by D. Zumbühl

A. Yacobi at al.



Scanning-tunneling microscope
EPL 1992



Scanning-tunneling microscope

measurements in 
a low-T STM at 4K
h i C l bshowing Coulomb 

staircases

shape of staircase is nicely explains
in A.E. Hanna + M. Tinkham Phys. Rev. B 44, 5919 (1991)

Exercise 5: read above paper  discuss different shapes in exercise class. 

Exercise 6: if you have fun (and time), write a program that generates I-V curves



SET with the STM

single-electron tunneling regime

36

g g g
with single-electron charging energies 
U > 0.1eV



Shot-noise suppression in SET

single-electron tunneling regime
with single-electron charging energieswith single electron charging energies 
U > 0.1eV

Birk et al. Phys. Rev. Lett. 75, 1610 (1995)



Shot-noise suppression in SET

1.0

ac
to

r F

ct
or

Fa
no

 fa

single-electron tunneling regime
with single-electron charging energies Fa

no
 fa

0.5 

  eIeISI 



 2
2

2
12

with single electron charging energies 
U > 0.1eV

  eIeISI 
  21

2
1

1

2

Origin of suppression: 
CB regulates the sequence of tunneling events between the two junctions:

l t l t l i t th i l d l if th i h l ft it“

Birk et al. Phys. Rev. Lett. 75, 1610 (1995)

„an electron can only tunnel into the island, only if the previous one has left it“



SET with “single molecules”
Nature 2003Nature 2003



SET with “single molecules”
Nature 2003Nature 2003



SET with “single molecules”

Nano Lett. 2010

j ti f b i t d b l t i tijunction fabricated by electromigration



SET of a single dopant

P-atom in/on Si



SET as electrometer



SET as electrometer

Science 276, 579 (1999)



Charge-diagram of two islands



Charge-diagram of two islands

VG1VG1 VG2

N1

N2

N1 N2

VG2

Exercise 7: assume that we study the linear-response conductance (small source-drain bias) of the above 
systems. The charge-stability diagram on the right is in principle valid for all four cases. Indicate in the charge 
t bilit di h t fi it d i d t ) i (I) th t thstability diagram where one can expect a finite source-drain conductance. a) in case (I) assume that the 

electrostatic interaction is zero (charge stability diagram consists of squares). b) in case (II) assume that there is 
substantial interaction. c) for case (III) assume that the two source contacts are connected together and similarly 
for the two drain contacts.



Single-electron pump

h t bilitcharge-stability
diagram



Single-electron pump



Single-electron turnstyle (pump)

works by tuning the barriersy g

S. d’Hollosy et al. (CS group), to be published



SET thermometer

Casparis et al. Rev. Sci. Instr.. 83, 083903 (2012)



SET thermometer



Metrological triangle


