
2 Bandstructure2. Bandstructure
of monolayer grapheneof monolayer graphene



Why graphene ?
graphene is 2D, “relativistic”, chiral and won a flagship !

• thin, but strong
• best thermal conductor
• excellent electrical conductor
• transparent• transparent
• flat 2.3% light absorption
• applications …

Graphene Press Seminar – October 10, 2013



Graphene is 2D
dimensional dependence of electronic properties
when do metals exists ?
0d “insulator”
1d (infinite long wire) insulator for T0
2d ?2d ?
3d there are materials that stay metals at all temperatures



Graphene

Sheldon in 
Big Bang Theory



Bandstructure of graphene
I follow the manuscript “Bandstructure of
Graphene and Carbon Nanotubes: An 
Exercise in Condensed Matter Physics”. I 
bb h habbreviate this with BG

a0=1.4 Å
3 ∙ sp2 orbitals/bonding, 
4th valence electron

“ “„bonding“ and „antibonding“ states

 and *  bands
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spsp22 orbitalsorbitals






Bandstructure of graphene
I follow the manuscript “Bandstructure of
Graphene and Carbon Nanotubes: An 
Exercise in Condensed Matter Physics”. I 
bb h habbreviate this with BG

a0=1.4 Å
3 ∙ sp2 orbitals/bonding, 
4th valence electron

“ “

B atoms

„bonding“ and „antibonding“ states

 and *  bands

A atoms



spsp22 orbitalsorbitals




goal: calculate the energy of the eigenstates ing gy g
tight‐binding approximation (LCAO). Further,
derive a simplified (effective) Hamiltonian.



Bandstructure of graphene, see BG-2 to 15

Ansatz of the wavefunction (Bloch function)

R is a lattice vector and 1, 2 areR is a lattice vector and 1, 2 are
pz orbitals of the A(1) and B(2) sites

HamiltonianHamiltonian:

Note: in this problem there are only two unknowns, b1 and b2. Hence 2 equations need to be derived.Note: in this problem there are only two unknowns, b1 and b2. Hence 2 equations need to be derived.
These can be obtained by using expectation values of the Schrödinger equation:
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h  U is the nearest neighbor overlap which has three contributions captured by where 211  U is the nearest neighbor overlap, which has three contributions captured by 
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 note: this is already a bit more simplified than equation BG‐15
(a further assumption is that the energy of the atomic pz orbital is set 
to zero) 



Bandstructure of graphene
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Note: Tero’s a is my a0

* antibondingg

Fermi energy EF

 bonding

K´K



reciprocal lattice



Bandstructure of graphene



Bandstructure of graphene

**
Fermi energyFermi energy



Fermi energyFermi energy
EEFF


two „Dirac cones“K´K at zone boundaryK



Bandstructure of graphene
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linearize around e.g. K‐point:  
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( note, one gets in addition an
expression forthe Fermi velocity)
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The two signs correspond to the two valleys, see Heikkilä equ. (10.10)
Note: the Pauli matrices operate on “pseudo‐spin” (b1,b2). The real spin is conserved in the Hamiltonian.
Note further that for one sign the equation is exactly the massless Dirac equation in 2D 
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the velocity of light c is replaced by vF



Bandstructure of graphene
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Note: Tero uses again E and k. Also s=sign(E)
further:
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pseudospin is linked to momentum
 graphene is chiral



Chirality in graphene (and CNT)


one can define a helicity as:  
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Paul Mc Euen et al. Phys. Rev. Lett. 83, p5098 (1999)



3 d3. Bandstructure
of carbon nanotubes

and 
graphene nanoribbons



Bandstructure of carbon nanotubes
chiral vector 2211 ananw 



armchair (n,n)

(11,0) zig-zag (n,0) or (0,n)

chiral (n m) with nmchiral (n,m) with nm

(11,7)

armchair (n n)=(9 9)

(11,7)
(0,7)

armchair (n,n)=(9,9)



example: armchair CNT
ananw 



kx
kx is continuous, but...
ky is discrete due to periodic 

2211 ananw 
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boundary condictions:
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example: armchair CNT
10 b d b E done can see 10 bands above EF and 

10 below EF, each is two‐fold 
degenerate  (in addition to spin). 
There is a further one that crosses EF.F
This one is not two‐fold degenerate.

FE undoped Fermi energy, also  known 
as the charge neutrality point (CNP)

for low energies one can use the 1st order expansionfor low energies one can use the 1 order expansion.
There are then 2 bands (not counting spin) emerging
from the K and K` valleys. There are two “rightmovers”
and two “leftmovers”.

+‐‐+

e24
xkxk

h
eG 4
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how ballistic can it be?



Data CNT from our own lab
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general CNT (chiral)

Graphene:

hexagonal lattice
of carbon atoms

Chiral carbon
t b nanotube ~ 1 nm



Atomically resolved
STM image of a
single-wall carbon

bnanotube.

Wildöer et al, Nature 391, 59 (1998)



general CNT (chiral)

blue ones are metallic
yellow ones are semiconductors



simplified band structure

kkE d
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d
(vF 106 m/s)

kd = 2m ,  m=0,1,2... 
d

ll i d imetallic semiconducting

Eg

Ec

Eg

E 1 3 V (1 di ) E = 2E /3
Ec = cut‐off energies

of 1d subbands“E0  1.3 eV  (1 nm diameter)
E0  1/d

Eg = 2E0/3 of 1d „subbands“

ideallyideally G = 0 G = 0 oror G = 4eG = 4e22/h/h



Graphene nanoribbons

GNR b d t t f i t (i CNT GNR b d t t f h i tGNR band structure for zig‐zag type (in CNT 
notation, this is armchair). Tight binding 
calculations predict that zigzag type is always 
metallic

GNR band structure for armchair type. 
Tight binding calculations show that 
armchair type can be semiconducting or 
metallic depending on width.p g

http://en.wikipedia.org/wiki/Graphene_nanoribbons



4 Bandstructure4. Bandstructure
of bilayer (multilayer)of bilayer (multilayer) 

graphenegraphene



Bandstructure of bilayer graphene
bilayer graphene = 2 sheets of 
graphene acting like a single 2D system
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l f b d f ( lleft: band structure for u=0 (no interlayer
electric field). Bands have massive, but
still they are chiral)



Bandstructure of bilayer graphene

potential difference u between layers

opens
bandgap



Bandstructure of bilayer graphene
“skew” coupling

potential difference u between layers

v3 term can close the gap again. Effect known as
trigonal warping and results into a so called 
Lifshitz transition

McCann Rep. Prog. Phys. 76, 056503 (2013)



5 Charaterization5. Charaterization



Bandstructure of bilayer graphene
ref.: Zhenhua et al.
Nano Re. V1, p273 (2008)

340

 Single layer
 Bilayer

F. Freitag et al.

locate flakes in optical microscope
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Raman spectroscopy.
(also reveals chemical doping and contaminations)
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Quantum Hall effect in monolayer graphene
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Quantum Hall effect in bilayer graphene

Landau levels

still at zero-energy LL

4.2K

h
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  =4,8,12

still at zero energy LL

h
e
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24
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h

LL h 8 f ld dzero‐energy LL has 8‐fold degeneracy
 expect also broken symmetry states in 
clean samples

Feldman et al. Nature Phys. 5, p889 (2009)
Zhao et al. Phys. Rev.Lett. 104, p066801 (2010)

K. Novoselov et al. Nat. Phys. 2, 177 (2006)    



from our lab (very recent)

L. Wang, et al., Science, 342, 614 (2013);

30

20

d/dy G_corr (Hall measurement 012_ 17to18_G@T1.5K_01)

Filling‐factors:
ν=±4, ±8, ±12,...

(b l )
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-10

V
B

Filling‐factors:
ν=±2, ±6, ±10,...

-20

-30
6543210

B (T)

‐> SLG (single layer)
C. Handschin, B. Fülöp, P. Makk et al.



6 Electron optics6. Electron optics 
in ballistic graphenein ballistic graphene



Electron optics in graphene
Unipolar interface (nn’ or pp’) Bipolar interface (nn’ or pp’)

Conservation of transverse momentum
Snell’s law

Conservation of transverse momentum
anomalous Snell’s law



Electron optics in graphene
reason velocity is opposite to wavevector in p doped regionsreason: velocity is opposite to wavevector in p‐doped regions



Electron optics in graphene
wavefunctions at the two sides of a sharp potential stepwavefunctions at the two sides of a sharp potential step:

taken from Heikkilä book

matching wavefunction:

in particular, when L=‐R,p  
the two angles are the same, 
yielding  Lt 22 cos

solution chosen so that helicity is correct on the right side



electron diffraction
refraction at an unipolar interface refraction at a bipolar interfacerefraction at an unipolar interface

sharp unipolar interface
refraction at a bipolar interface

sharp bipolar interface

smooth unipolar interface smooth bipolar interface

transmission probability 1
transmission probability ?



Electron optics in graphene

angle‐filtering at sharp p‐n interface:

i t t t ft i t f t h i llin contrast, at a soft interface
classically all trajectories are 
reflected

quantum‐mechanically
the particles can tunnel

from one side to the other
with probability:p y

Klein effect
Klein tunneling



Electron optics in graphene

in contrast, at a soft interface
classically all trajectories are 
reflected

quantum‐mechanically
the particles can tunnel

from one side to the otherreflected from one side to the other
with probability:

Klein effect
Klein tunneling

where <T> is the mean 
transmission probability

    
2/

sin cos
2


  deT dkF  

 2/

cos


 deT



Electron optics in graphene

G hGraphene 
2x2 m

Similar data published in:
P. Rickhaus, R. Maurand, M.H. Liu et al. Nature Comm. 4, 2342 (2013)



Electron optics in graphene

np

nn’

pp’ pn

P. Rickhaus, R. Maurand, M.H. Liu et al. Nature Comm. 4, 2342 (2013)



Electron optics in graphene



Electron optics in graphene
the real Klein‐tunneling experiment

from paper Katsnelson, Novoselov, Geim, 
Nature. Phys. 2, 620 (2006)

transmission is always one
at normal incidence in 
monolayer graphene



7 Pseudodiffusion7. Pseudodiffusion
in graphenein graphene



Electron optics in graphene
Tero Heikkilä’s bookTero Heikkilä’s book

(here, x is along junction, y is transverse. For ky=0, i.e.
normal incidence, transmission probability is 1)

assume all is graphene, also the contacts
but contacts at high doping (very large)

problem is similar to Klein tunneling
matching of wave functions

Tworzydlo et al. Phys. Rev. Lett. 96, 24680 (2006) G is chemical potential in graphene



Electron optics in graphene
Tero Heikkilä’s bookTero Heikkilä’s book

(here, x is along junction, y is transverse. For ky=0, i.e.
normal incidence, transmission probability is 1)

F=1/3 at the CNP !!

1/3

/

assume all is graphene, also the contacts
but contacts at high doping (very large)

problem is similar to Klein tunneling
matching of wave functions

Tworzydlo et al. Phys. Rev. Lett. 96, 24680 (2006) G is chemical potential in graphene



Electron optics in graphene

assume all is graphene, also the contacts
but contacts at high doping (very large)

problem is similar to Klein tunneling
matching of wave functions

Tworzydlo et al. Phys. Rev. Lett. 96, 24680 (2006)



“pseudo-diffusion in graphene”



“pseudo-diffusion in graphene”



9 Outlook9. Outlook



Transparent electrodes

100 Meter lang !100 Meter lang !



Transparent electrodes



Flexibility...



Mechanically strong



Mechanically strong

?



Stretchability of graphene

25% möglich
gewöhnliche Materialiengewöhnliche Materialien

liegen bei 1%

d b i 120 Gdabei ca. 120 Gpa
mehr als 10 x besser

als Stahl !

Anwendung
Dehnsensor!



Mechanically strong



Graphene is impermeable 

Anwendungen: einstellbarer
mechanischer Schwingkreis
DrucksensorDrucksensor
Gasdichtung
Nanobehältnis für Medikamente



Graphene electronics



Dehnsensor aus Graphen



Other 2D materials

8 by 6mm
BN = Isolator

NbSe2

C

WSe2



guiding
n nn

nkn F 

)i ()i ( 

n2 n2n1

)sin()sin( 2211  nn 
1

2

total internal reflection if:

211 )sin( nn  

two cases: conventional optical guiding (refractive indicies
Williams, et al. Nature Nano 6, 222–5 (2011).

two cases: conventional optical guiding (refractive indicies
have the same sign) and pn‐guiding


